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Relaxation of two-temperature plasma
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The relaxation process of a space uniform plasma composed of electrons and one species of ions is consid-
ered. For the varied initial electron and ion temperatures, the asymptotic behavior of the solutions, under
m./m;<1, are studied. Special attention has been paid to the deviation of relaxation from the classical picture,
the latter being characterized by a weakly nonisothermic situtign(m,/m;)Y°T;. An approach is devel-
oped for the detailed description of the relaxation. The perturbation of the electron distribution function, which
has the character of a boundary layer for the cold electrons, is studied. The field of applicability of the
well-known formulas for temperatures is extended and their corrections are obtained. The relaxation process of
the two-temperature plasma is also considered numerically. A comparison of the results of the calculation with
those of the asymptotic approach is made. The analytical results are confirmed by the numerical simulation
results.[S1063-651X97)02908-3

PACS numbsgps): 52.20.Fs, 52.25.Dg

I. INTRODUCTION Enskog methodas well as by numerical methods. Unfortu-
nately, in the majority of the cases known to us, those at-
The kinetic Landau-Fokker-Planck equation is widely tempts led to wrong results.
used for the description of collisional plasma processes. In Notice that changes of velocity directions in the isotropic
the absence of any losses or sources of particles as well as pfoblem are of no importance and normally the interaction
energy, it describes a relaxation process to equilibrium. Adetween cold electrons and ions is supposed to be small
an intrinsic part of physical models, both analytical and nu-since the energy transfer by collisions is small. This standard
merical, this equation has many applications in plasma physapproach is not suitable for very slow electrons because
ics [1-7]. That is why the relaxation problem, besides beingthese electrons mainly interact precisely with ions as a con-
self-important, is of interest as a test problem for many colsequence of the known dependence of the Rutherford cross
lisional plasma modelg3—10]. The equalization of electron section on the relative velocity. A deeper examination of the
and ion temperatures is one of the oldest problems of plasmgroblem in this work showed that the usual perturbation
physics and was initially looked upon by Landdil], whose  theory cannot be used since the méig m,/m;<1) part of
solution was later refined if12,13. There exist a variety of the perturbation of the electron distribution has the character
papers dedicated to the solution of this problem based oof a boundary layer in the neighborhood of the small veloci-
kinetic equations with collision integrals of a more compli- ties ~0). In the present paper the boundary layer is thor-
cated form than the original Landau integriakee, for in-  oughly studied and corrections to the known temperature
stance,[14]). In all these papers a standard simplified ap-equations are obtained. Also for these equations, the region
proach is widely accepted: the distribution functions areof their applicability on the initial temperatures is sensibly
considered to be Maxwellian. Thus the problem reduces textended. The results allow us to have quite a clear idea of
the calculation of the second moments of the collision intethe relaxation picture for any initial temperatures.
gral with Maxwellian distribution functions with time- In this problem the definitive role is being played by per-
dependent electromg(t) and ionT;(t) temperature§l5]. It turbation terms ofO(p), where, for the real electron-to-ion
is clear that such an approach cannot be considered fulljhass ratiop=m,/m;<10 3. In numerical analyses the dis-
satisfactory for several reasons. First, it imposes a seversipative qualities of the usual difference schemes may sub-
restriction on the initial condition T;<T(m;/mg)'% stantially change the influence of these small perturbations
which can be violated in many cases of a practical interesénd lead to distorted results. We should stress the important
(the magnetospheric plasma, 1f ion heating, neutral beam inole of the completely conservative difference scheme
jection in a magnetic trap, ejc.Second, the distribution [16,17] used here, which allows us to make calculations
functions could be far from equilibrium. In addition, the er- without numerical error accumulations, except for machine
rors of the approximate differential equations fy(t) and  errors. The analytical calculations are also carried out on a
T;(t) remain undeterminedl1-13. There is a set of papers physical level of precision, while all the results with high
in which trials are made to overcome the above-mentionedccuracy are confirmed by the numerical calculations. The
difficulties through analyticalfor example, the Chapmen- calculations, on the other hand, showed many interesting
properties of the system, which were then analyzed analyti-
cally.
*Permanent address: Keldysh Institute of Applied Mathematics of In Sec. Il the problem is stated and dimensionless vari-
the Russian Academy of Sciences, 125047 Moscow, Russia. ables are introduced. The known results of temperature re-
TAlso at Instituto de fica “Gleb Watagin,” Universidade Es- laxation as well as deviations from the classical picture are
tadual de Campinas, CEP 13083-970, Campinas,Paailo, Brazil.  given in Sec. lll. The approximate equations fo<1 are
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obtained and the conditions of their applicability are consid-—M). Nevertheless, this circumstance has no influence on
ered in Sec. IV. In Secs. V and VI the distribution functionsthe forthcoming considerations since the final results evi-
are investigated in detail and the corrected formula for thedently can be generalized for this case.

temperature equation is given. The general description of the The nonequilibrium electrom(t) and ionT(t) tempera-
strongly nonisotermic plasma relaxation is discussed in Secdures, expressed in energetic units, are

VII. The conclusion follows in Sec. VIII.
4m (=
o(t)= 3 dx X (x,t),

IIl. STATEMENT OF THE PROBLEM 0

We consider a space homogeneous plasma consisting of A7M [
. . . aa

electrons with masm and singly charged ions of mas4. T(t)= —— f dx X*F(x,t). 3
Let N be the number of particles of each species contained in 3 0
a unit volume(the electrical neutrality is improvedin this . L _
section the statement of the initial-value problem for such &€ consider the initial-value problem for E¢2) with the
system will be considered. We present kinetic equations fofitial conditions
isotropic distribution functions in the usual Fokker-Planck f(0.0)=fo(v), 6(0)=by:
form. Our aim is to describe the asymptotic behavior of the v oLu /s 0
solution for the small mass ratig=m/M. The construction
of such an asymptotic solution is strongly hindered by the
fact that the electron and ion massesandM enter into the e energy conservation law allows us to define the plasma

equations in a quite complicated way. For this reason, we, iibrium temperaturd by the equalit
introduce dimensionless variables and settle the dimension-q P eq Y g y

less initial-value problem that has a simpler form. O()+T(t)= o+ To=2Te,.
The electron and ion functions, dependent only on the
speed || and timet, will be defined by f(v,t) and The detailed investigation of the asymptotic behavior of
F(v,t), respectively. The distribution functions will be con- the solution(2) and (4) gets complicated because the small
sidered normalized to unity, i.e., parametep enters Eq(2) in a complex manner. Therefore, it
is convenient to introduce new dimensionless variables. We

4’7Tf dv vzf(v,t)=47rf dv v2F(v,t)=1, (1) define
0 0

4
F(v,.00=Fg(v), T(0)=T,.

, 20, 2T vi T
where integral§1) have a sense of the particle density. The VoS UTTM T 27 Py 5
. Vo
system of the Landau-Fokker-Planck equations that de-
scribes the time evolution of such functions is wherev , anduv are the electron and ion thermal velocities,

respectively, ande is the squared ratio of their thermal
speeds. Let us set

19f 11 9 {A(f )+A(F) df(v)

T ot ; v2 v 3v du
ar m 3/2 2
. . f(v,t)=£<—) f’(—z,t'),
+[B(f )+pB(F)If(v) [, 2 \2m0 U
R R 2 \/; M \32  [,2
19F 1 9 [A(f)+A(F) iF(v) F(U,o:T(ﬁ) F’(—z,t’),
rat PoZaw 3v v m T
1. . , 2 [27Tgq) %2 , )
15 BO)+BF) F@) (. t=tot’, to= ol m ) 0=Tef', T=Tegl
. . . A a (6)
Here the following notations for the integral operatér8
and the constarif are used: and introduce similar designations for the initial conditions
(4). The electron and ion temperature equalization tiges
A 1 oo . . . . .
_ 13 qhosen as a time scale unit. It is the largest .charag:tenstlc
AT) fo dx X (x.t) +v L dx f(x.0), time of the problem under examination. The dimensionless
temperature§’(t) and 6’ (t) are selected in such a manner
- iy 2 16m2e*LN thatT’=6"=1 in equilibrium. We substitute expressiof
B(f ):fo dx xf(xt), I'= Mm in formulas (1)—(4) and carry out the obvious but rather

lengthy transformations. In the final results, we drop the
whereL is the Coulomb logarithm. It might be noticed that Prime everywhere, that is, we return to the original notations.
in a strongly nonequilibrium situation, it is necessary, strictly The normalization condition€l) can now be rewritten as
speaking, to use three different meanings of the Coulomb

logarithm. These meanings change with time for the descrip- fwdx\/;f(x,t)= fwdx&F(x,t)= 1. 7
tion of the three types of collisionégn—m, M—M, andm 0 0
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As a consequence of definitigB), the following additional
normalization conditions arise:

© o0 3
f dx x3’2f(x,t):f dx XF(x,t)==. (8)
0 0 2
Now the initial conditiong4) take the form
f(x,00=fo(x), 6(0)=6o;
0 0 ©)
F(X,O):Fo, T(O):To, 00+T0:2
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6+T=2,
03’20t=§f:dx F(x)[Tf:dy[yf(sy,t)
~ o[ ay f(y)]. 13

It is worth commenting on the physical meaning of vari-
able x. It represents the relative energy of particles, where
the scaling unit is the temperature of this type of particle.

The kinetic equations for the electron and ion functionsObviously, the scale varies with time. It is useful to have in
f(x,t) and F(x,t) can be presented in the dimensionlessMind that the integral

form
af 1 9 (1~ 2T of [ (xe
327" _ =7 /2
o [ax[ I )+ 355 fo dy Y (y,0)
X\ 32 e
2] ay R |+ ayyFonn
& Xle 0
+ 01’20tx3’2f(x,t)] , (10
OF 1 9|1
3/2_:__ .
T o {\/_J(F F)
2 \/?aF x -
+§ 5(9_X Sfo dy y3 f({;‘y,t)

T 3/2 X
3 FJOdyfyf(sy,t)

+x3/2J dy f(y.t) |+
Xe

+ T1’2Ttx3/2F(x,t)] : (11)

where electron-electron collisions are described by the op:

erator

I(F,f )—

3 x de YA (y, t)+x3’2f dy f(y, t)}

#1 [yt (12

f:odyfyf(w: P(v=1Xov )

is quantitatively equal to the probability of the electron hav-
ing a velocityv that is not larger thar/xov 4.

Equationg9)—(13) completely define the statement of the
Cauchy problem in the dimensionless form. It is assumed
that the initial conditiong9) satisfy the normalization re-
quirementg7) and(8). Under those circumstances the satis-
faction of Egs.(7) and (8) for all t>0 is a consequence of
Egs.(10—(13). Now we shall study the asymptotic behavior
of the system(9)—(13) for small mass rati.

[ll. LIMITING SOLUTIONS

Here we study the limiting solutions of Eq®)—(13), as
p—0. In fact, the dimensionless equations are substantially
easier than the original ones since all the quantities to be
included in Eqs(9)—(13) are of order one, except two small
parameterg ands=pT/6 [Eqg. (5)]. In Sec. lll we present
the classical results on temperature relaxation. The relaxation
picture goes like this. During the electron-electron collisional
time 7, the electrons become distributed according to a
Maxwell function. After that the ion Maxwellization occurs
over the ion-ion collisional time perioe,> 7,. Next the
temperature equalization goes over the time interwd%l

>m>7,. The electron and ion temperature evolution is
described by a well-known equatiqi3]. We discuss the
applicability of this solution. Such a relaxation picture is
based on the following restrictions: the mass ratio is small
p<1 and the initial temperatures are very néarp°T. We
briefly consider the cases of relatively hot electralgs T,

and ion-ion collisions are described by a similar operatorand relatively cold electron$,> 6, under which the latter

J(F,F). On the right-hand side of the kinetic equatidff)
and(11) the first term describes the collisions of one sort of

restriction can be violated.
Let us fix the initial condition$9) and consider the formal

particles, next are terms that describe the collisions of differlimits of the solution of the Cauchy problet®0)—(13) when

ent species, and finally the last term is related to the variatio
of the scaling(the temperatupein time.

The dimensionless temperaturg@) andT(t) now enter
explicitly into the systen{10) and(11). They are defined as

p—0 and when some additional limitations on the indepen-
dent variablé (time) are imposed. After a trivial analysis we
obtain three known limiting solutions. Each one corresponds
to their type of limiting transition. Below these solutions are

solutions of the evolutionary equations that appear as a corgonsidered and the processes that they indicate are described.

sequence of the compatibility of Eq§l0) and (11) with
requirementg8) and look like

(i) Relaxation of the electron distribution functiohet
p—0 andt—0; t/p is finite. Then
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60— 6y, T—To; @ A B C
— 0 — 0 (14)
.. 1 I I e
t 0 T T T t
f—1fq| X, p—agz ., F—=Fy(x), m M -1
where f(x,7) is the Cauchy problem solution for the ® ]? Z? CI
Landau-Fokker-Planck equation 0 -
Tar Tm To, t
AR J(ff) f1(x,0)="fo(X)
x,0)=fo(x).
81’ \/_ (7X 1 1 0 @ A C B
L. . - | . | —
(ii) Relaxation of the ion distribution functioet p—0 and 0 T T, Tar t

t—0; t/\/p is finite. Then

0—6y, T—To;

(19

2 t
f_) e e7X1 T an 1
Jr JpT3?2
whereF(x, 7) is the Cauchy problem solution for the equa-
tion

F—>F1 X,

oF
r?T

J
\/—ax

(i) Relaxation of temperatured.et p—0; t is finite. Then

J(Fl F1), F1(X,00=Fy(x).

0— 6y, T—Toy; (16)
f— i e Fo—e*
Jo o Vo o
where #(t) andT(t) are defined from the system
0+T=2, 6% —=—=(T-0
dt 3\/— )
17

The combination of those three solutiofigl)—(16) gives

FIG 1. (8 Classical case of the temperature relaxatiog:
=p6,*? ry=\pT*? andr, ,=00¥2 (b) Case of the relatively
hot electron relaxationty,= \/—To?”z, Tm=2%%, andry =2%2 (c)
Case of the relatively cold electron relaxat|01r1m~23’2
~2%2 and ry, =232

THO

The limiting solution(14) describes apparently a certain
“neighborhood” of pointA or, in other words, is applicable
for the time interval less than the ion-ion collisional time
0<t<r, . Similarly, Eq.(15) describes a neighborhood of
point B or is applicable for the time interval less than the
temperature equalization timg,<t< Thy- Finally, the exter-

nal equations describe the neighborho@pened on the
right-hand sidgof point C; therefore, they are applicable for
t> 7y . Since it was implicitly assumed above, the quantities
0y and Ty have no connection with the small parameger
thencery<ry <7y, for p<1. Such a picture evidently sup-

poses that the relative distribution of poims B, and C
coincides with the representation of Figal This time in-
equality is equivalent to the well-known restrictions on the
initial temperatures

T

pl3< _0<p—1/3_ (19)
6o

The inequality(19) is imposed on the initial temperatures

To and 6, in order permit one to make available the appli-
cability of the composed solutioii4)—(17). The appearance

the known presentation of the general solution structure opf such a condition is evident since the limiting solutions

the problem(9)—(13) with the small finite parameter<1.

(14)—(17) were obtained by passing to the limgit-0 with

This solution is composed of the external limiting solution the fixed initial condition(9) and in this case the inequality

(16) for the time intervalt=1 and two internal limiting so-
lutions (15) and (14) for time intervalst~+/p andt~p, re-
spectively, which link the external solution with the initial

(19) is automatically satisfied. From the mathematical point
of view, the violation of Eq(19) may be bound with a con-
ditional, relatively to the initial condition€9), limiting tran-

conditions. Such a picture is described in the Landau papsitions. At the same time, the inequalit}9) can be violated

[11] and in what follows we will be interested in its devia-
tions as well as in clarifying its details.

in many cases of practical interest for the real mass ratio
p3<0.1. Let us briefly discuss situations that lead to the

In order to understand Wher_l thpse deviations are pOSS§b|&ioIation of Eq.(19) due to the difference in the initial tem-
we introduce the characteristic times of the three physicaperatures. It is worth having in mind that for the problem

processes that have already been considered:

Tm=pba  T=\pTo" Te=0657. (18

In the definition ofr, for simplicity, we have dropped the
numerical multipliers of order oncompare with Eq(17)].

under consideratiofEgs. (9)—(13)] To+ 6p=2.

Two basically different situations arise. The firstreda-
tively hot electrons 6,=Top . In our problem such a
situation can be described by decreasiipg which leads to
the automatic increasing @f,. Graphically, pointB in Fig.
1(a) moves to the left- and pointd& and C move to the

For better visualization, we show these values graphically inight-hand side. The intersection of the trajectories of points

a representative time scdlEig. 1(a)].

A andB happens at the temperaturgs=2, To=2p'. By a
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further decrease ofy, pointsA and C practically do not OF 1 0 (1 -

move but pointB keeps moving to the left-hand sidEig. T2 —=— [— J(F,F)

1(b)]. Therefore, the characteristic intervals and 7y, of the g x X \/;

internal limiting solutions may become comparable. Under 2 T\3 g oF (=

definite conditions §,>Top %), the processes of the elec- +t3|X 5) T ox fo dy f(y)+ Ff(O)}

tron and ion relaxation can even change locations in time,

but it will have no influence on the external solution. As aT

before, the full solution consists of three parts without any +T — x3’2F], (21

interaction between each other. The electron and ion relax- at

ation processes have no links. For the external solutios

temperature relaxationit is only important that both of the 93/2’9_9:

distributions are Maxwellian. ot
The second situation iselatively cold electrons 6, - -

~p T, To obtain this inequality it is necessary to decreasevhereJ(f.f),J(F,F) are defined in Eq(12). It is necessary

6, and simultaneously to increa$g. PointsA andC in Fig.  t0 check the compatibility condition of Eq&20)—(22) with

1(a) move to the left-hand side and poiBt moves to the requirementg7) and (8), which have already been used for

iaht-h ide. A ~2,3 T ~2 . their deduction. Multiplying Eqs(20) and(21) by the factor
right-hand side. At temperaturey,=2p™, To=2, points x*2 and by the factorx®? and integrating, we obtain the

B and C coincide. As before, the first relaxation stage is o S e
described by Eq(14) for electrons. After that the picture add|t!o_nal compatibility congﬂtpn In the forr_n of a houndary
) condition for the electron distribution functidi{x,t),

becomes more complicated singg= T, [see Fig. lc)]. At
first sight, the temperature equatiti) becomes contradic- (T of

, (22

2 0
3 Tf(O)—¢9f0 dx f(x)

=0. (23

x=0

tory. It was obtained under the assumption that the distribu- 0 5+f
tion functions are Maxwell functions, but there are no rea-

sons to make this supposition. The standard approach is valithe physical meaning of conditiof23) will be discussed

under the restrictiordy>p™*T,, which is violated in the below. Thus we arrived at the simplified systég0)—(23)

case of the relatively cold electrons. Thus this case needs &tarting from the system of equatio()—(13).

be specifically examined. Let us consider what has been assumed for such a simpli-
fication. Let us formulate the assumptions in a standard form
of enhanced inequalities

IV. APPROXIMATE EQUATIONS AND CONDITIONS

OF THEIR APPLICABILITY p<1, (243
As it was considered above, the deviation from the solu- T
tion (14)—(17) can be caused first by the difference between e=p =1L, (24D
the initial temperatures and second by a very specific mecha-
nism of the electron-ion interaction. In this section we pass X>¢g, (240
to the detailed investigation of the systd8)—(13) and re-
place it by approximate equations for the small mass ratio x<e™ . (240

p<<1. After that we discuss the applicability condition of the . ) ) ' .
approximate system and the processes that lie beyond tifgPndition (243 is evidently always fulfilled. Condition
approximation limits. The analysis shows that very cold elec{24D, in fact, is reduced to the indication of the lower
trons have a non-Maxwellian distribution. For the electronPoundary of the initial electron temperatufg>2p. The
distribution the presence of a composed boundary layer iRfC€SSeS that occur by the violation of this conditistiong
the neighborhood of @x=<¢2? is established. The correct Nonisotermic plasmawill be analyzed later in Sec. VII. Con-
boundary condition for the electron distribution function at dition (240 is used only for the derivation of E¢21) and
x=0 is obtained. Below we show that the temperature equaSn©Ws that it is inapplicable in the far tail regien-¢ ~~ of
tion (17) is valid under the slower restriction on the initial th€ ion distribution. Wher <1 this regions contains a neg-

temperatures <1 att=0, but not the restrictiori19). De- I|.g|bI(_a amount of ions, whencg _thls region presents. no prac-
tails are presented in what follows. tical interest. Therefore, conditiof24d may be considered

On the right-hand side of Eqg10)—(13) we keep the &S always being satisfied. . o
singular terms ap=0 and the remaining terms will be re- The most Interesting Is inequalit240, .Wh'Ch s used
placed by its limit valuegp— 0 andx,T,d are fixed. As a only for the derivation of Eq(20). In reality, on the one

result, using the normalizatiofv) and (8), we obtain the hhancéij, inequglit;(Z;lc)l shows tha_ltth(IZO)_i:'s inapplihcabledto f
approximate kinetic equations the description of electrons with velocities on the order o

the thermal ion velocity ~v+ (5). This inequality is not
burdensome since the number of such electrons is very
small. On the other hand, it is intuitively intelligible that
+ L2 ‘9_0 x3’2f], precisely condition(24¢) is related to the appearance of the
d boundary condition(23), which is not satisfied by the limit-
(20 ing, atp=0, solutions(15) and(16). Therefore, we consider

3/2&2

19
PN

R R AT A
;(,) B %
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the slow electrons in more detail, returning to the exact equa- and take a simple form in the regior<1,
tion (10), which we rewrite for convenience as

g 11 Dm(x)zgxalzfo dy f(y), Rm(x)zgxslzf(o)u X<1.

at p\/—o'?X

of
2 [Da(X)+Du()] 5

The coefficientd, Ry,

+[Rn(X) +Ry(X)1f+p\/6 ‘;—f x3/2f] . (25

2 xle 3/2
Du(x)=3 & fo dy YR ( y)+ J dy F(y)}
Here the coefficientd,,R,, correspond to the electron- (27

electron collisions o
Ru(x)= pf dy y"F(y)

2 (x ©
Din(x) =3 f dy y3’2f(y>+x3’2f dy f(y)},
0 x (26) correspond to the electron-ion collisions.
For fixed p<1 (ande<1) and for different magnitudes
Ry (X)= fxdy V2 (y) of the independent variable the comparison by the order of
m 0 coefficients(26) and (27) yields the result
|
(i) x~e Dn~e¥ R,~e% Dy~e, Ry~p Eq. (20) is inapplicable
(i) e<x<e?® Dp<e, Rp<e Dy~e, Ry~p Eq. (20 is applicable
i X~e m™ &, m™~ € M~ &, M~ P g. IS applicable
(iii) 23 D R D R Eq. (20) i licabl
(iv) x>g2B D,>e, Ry,>e Dy~e, Ry~p Eq.(20) is applicable.
|
From the above table it is clear that the electron-ion collision R(s)
coefficientsDy, ,Ry, have a quite specific influence. In the f(2)=f(0)ex f ds=—= B(s)|

domain around~1 the perturbation is very small, but in the
vicinity of 0=<x=e&??this perturbation enhances sensibly. In
such a case one says that in the vicinity of the paist0
there exists a boundary layer with a width®f &3, Within B
its internal domain 6x<e the coefficientD,, ,Ry depend D(x)=z[ fxdy y3’2F(y)+x3’zf dy F(y)},
essentially on the ion distributioR(x,t). Forx>¢ this de- 3 Jo X
pendence disappears and the solution satisfies (EQ).
Therefore, the main pafti) and (iii) of the boundary layer x
e<x=<e?3is correctly described by E¢20), which will be R(x)= f dy y"F(y)
investigated in detail in what follows. For the construction of 0
the solution in the internal domaif) it is necessary to use — i o o
the exact formulag27) for the coefficientD,, ,Ry . Let us and f(0) has to be defined by joining the solution in the
briefly describe the behavior of the solution in this domain. f€gion x~& with the solution in the regiox>e¢. In fact,

We maintain in Eq(25) only the main(under 0<x<g¢)  f(0) should be substituted by(0;t), which is a “slowly”
terms that correspond to the electron-ion interaction. Theghanging function in comparison to the characteristic time

we setz=x/e and f(x,t)=f(z,t); as a result we have A7. Finally returning to the variablg, in the region(i) we
get the electron distribution function

HereD(x) andR(x) are defined by Eq.26),

&f 1 9

2[ (2 -
si2132 7 e 12F (v) + 732 f f _ _ R(s
p at \/E 0z [3 [fody y3 (Y) z 5 dy (Y)} f(x,t):f(o)exr{ f ds DES) O=x<e.
X
f Ody YmF(y)]- (28)  Forx>e, i.e., in the region of applicability of E¢20) this

function has the form

This equation describes a very fast process with the charac-

teristic time intervalA ~p(pTo)¥? such that the time de- Tt =f(0)exp| — k4 x—pfmds{@— 1}
pendence of function3(t) and F(x,t) may be neglected. T 0 D(s)

With the increasing, the functionf(z,t) rapidly (with the

same characteristic tim&7) approaches the stationary solu- or, taking into account that we are dealing wike1 andp
tion of Eq. (29), <1, one obtains
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Yot

(29

f(x t)—f(Ot exp[l pf D((Z;

On the other side, fox— 0, the solution of Eq(20) can be
linearized,

f(x,t)=f(0t)+xf(0t), x—0. (30

From the comparison of Eq&9) and(30) it follows that the
conditions for the joining of the solutiof(x,t) of Eq. (20)

with the solutionf(x,t) in the internal domair(i) can be
written in the form
1H

f(Ot)—f(Ot)|1 pJ ds[ ((S;

T
f(00)+ f(0)=0.

31

The second equality coincides with the boundary condition

(23). Thence we explained the origin of the conditi(#8),

as well as uniquely defined the solution in the internal do-

main O<x<g supposing that the functioR(x,t) and the

solution of Eq.(20) are known. It is important that this so-

2087

perature equatiofil7) and approximate equatiof0)—(23)
is a weak inequality32) (eg<<1), but not Eq.(19).

V. ELECTRON DISTRIBUTION AND TEMPERATURE
EQUATION

Here, using the obtained approximate equations 1),
we find the adjusted electron distribution function in a cold
velocity region. Simultaneously, an adjustment is used for
the temperature equation that leads to the corrected formula
for temperatures. Now we pass to the examination of the
initial-value problem for the electron distributidiix,t). For
convenience, we present once more the closed system of
equations for the electron functidg0),

of 1 0 (14 T of 00
327 _ -7 1277 312
0% — [0X( I(F,F )+ 5o O x f},
(33
I(f,f)= U dy y3’2f(yt)+x3’2f dyfyt)}
X
+1[ ayytiyo, (34

lution deviates slightly from the straight lif80), only on of . .. - .
O(p). Moreover, the error has a higher order of smallness iiw'th the boundary conditiof23), the initial condition(9),

ions are distributed by a Maxwelliafunder this circum-

stance the integral in Eq31) is equal to zer$ In fact, for (T ﬁ_f+ of =0, f(x,00=fo(X), 6(0)=6,,
the nonstationary problem the boundary conditi@3) is IX x=0

established over the extremely fast time periddr

~p(pTo)®2 Therefore, below we shall assume that the ini- T(0)=To+2— 6y, (35)

tial conditions(9) satisfy this boundary condition.
The remarkable property of the systéB0)—(23) should the normalization condition&7) and(8),
be stressed. It consists in the following. The electron distri-
bution functionf (x,t) and the temperaturds 6 by no means
depend on the ion functiof(x,t). Hence, if we have no
interest in the functiorF(x,t) itself, Eq.(21) can simply be
dropped. On the other hand, the limiting undgr1 and
fixed t) the solution of Eq(20) can only be a Maxwell dis-
tribution (16) for f(x,t), which after the substitution into Eq.
(22) leads to the known equatidil7) for the temperatures.
The obtained equations are the same, but now the condition

(36)

© 2 ©
fo dy\yHy.t =3 fo dy Y (y,H=1,
and for temperatureg(t) andT(t) (22

T=2 32 7Y 2Tfo xdf 3
6+ =5 | THO)— 6 x f(x)|. (37)

T From Egs.(33), (34), and(37) for p=0, we formally obtain
s=p 5 <1 (32 the solution
is the unique requirement. On account of temperature equili- O 2 - apdd 4
bration, it is sufficient that Eq(32) be satisfied at=0, that Fox)= \/_; e’ 0 dat 3\/— (T-6). (39

is, the condition32) can be considered as a limitation on the

initial temperatures. This limitation is weaker than the oneag can pe seen, this solution does not satisfy the boundary
2
that follows from the conditionf19): £,<10 condition atx=0. It is clear thatf(®)(x) is the externalfor

Summarizing, in this section the approxmate equations s, ;213) sojution and should be corrected in the vicinity of
(20)—(23) were obtained and its applicability conditio(24) x=0. To adjust Eq(38), we let, in Eq.(33),
were discussed. The presence of a composed boundary Iayer

(i)—(iii) for the electron distribution was established. The in- 5
vestigation of the functiorf(x,t) in the internal boundary f(x,t)=—=e 1+ o(x,1)],
layer domain(i) has shown that this solution can be substi- \/;

tuted with a precision ofD(p) by the boundary condition

(23) for Eq. (20). The analysis has shown that the unique,Wwhereg(x,t) is a small additional function, and neglect the
except forp<1, essential applicability condition of the tem- squared terms op(x,t) in J(f f ). The result is

(39
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0 1 0 ~ T9 de 4
g2 2% _ ¢ p01’2a=§)\(s)(8—p),

2
X -
FRNT {p\/;LHH&x

where the symbol
1= +e”295xyz(1+¢)
6 dx ) 4 03/20
“0) Me)=|1-—— f dy eVoy(y.) | =574
HereL is a linear operator defined by AMO)=1, (46)
was used. Now Eq43) for ¢(y,t) can be rewritten in the
ch dy e YK(x,y) ay |
(41) 4
e e 1 e ne®2]. (@7
K(x,y)=§min(x32y*?). o\ ox T '
The boundary conditiori35) for x=0 and conditiong36)  Certainly, the condition§44) have to be satisfied. To find the
now take the form exact solution of Eq(47), we use the properties of the op-
eratorL;

[Tex+(6—T)(1+¢)]x-0=0,
1 dD%x) |,

1d-
xxax "PTD A gk ¢

Q.lo_

f dy e YyYp(y)= J dy e Yy3%p(y)=0. (42
0 0

X
D(x)= Iy
We suppose thap—0 (i.e., f—f°) for p—0. However, to (x) fo dy y'e

satisfy the boundary condition the derivatiyg(0,t) has to
be finite in the limit asp=0. Taking such a behavior of N

o(x,t) into account, we neglect in Eq§40) and (42) the lim Lo—D(x)e’ (¥) == ¢'(). (48
function ¢(x,t), in comparison with unity, in those compo- x=

nents that are proportional to {le); but the components

that are proportional te,(x,t) will be kept unchanged. Ac- As a result, fore(x,z) and A(z), we obtain a system of

cordingly, we obtain equations
P 1 _ 6 1
3/2e X(?(p l 1 J *X 2 I:(p—{-g(?—(p (p(Xas)_ g u(X,S)— T U(X,S),
ot \/—&X T X
d?u -2
dé Ci_ZZg7\(8)8(1+8)X1/2 D(XHQS ,
+| p—e+pbr? dtx (43) %
du(O )=-1 (49
— (0g)=—1"
+t(p—e)= dx :
epyt(p—e)=0, 44
f dy e Yyl/Z (y):f“dy e—yy3/2¢(y)zol J;) dy 1/2 yu(y)_f dy y3/2e—yu(y)zol (50)
0

It follows from the conditiong50) that
From the consistency of E¢43) with conditions(44), the 50

simplified temperatures’ equations follow %

f dy y¥%e Yu,(y)=0. (51)
0

3/2 %

dt:3\/;

— H— Y [ JE
-0 Tfo dy e "Dy(y’t)}’ T=2-9, For our aim it is important to calculate precisely the function
(45) \(e) (46), which defines the temperature equation #oWe
find the derivative olu(x,¢),

instead of Egs.(35). Over the characteristic time period
p~1>1 the solution of Eq(43) approaches the quasistation- (x,8)=—1+ ﬁ Me)e(1l+e)
ary solution ¢[ x;e(t)], which makes the right-hand side X 2

vanish, and depends on time only through the slowly chang-

ing function g(t). To find this solution it is convenient to % fxdy V&
take in Eq.(43) 0

-2

D(x)+ g €
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then substitute this expression into Ef1), and obtain the asymptotic expansion on the right-hand side of &), as

result £—0, and shall obtain the result
2 ® 3 /7 23
A (e)= 3 s(1+s)J0 dx %% Ne)=~[1+Ae??71, A= ¢(0)(TJ—) ~2.9. (55
X \/; -2 On the other hand, the substitution of E§3) into Eq. (46)
12 '
X fo dy YD)+ —-e (52)  Jeads to the expression

~1— —1_ 2/3
Let us find the behavior of the functian(x,&) underx<1. Me)~1=0y(0)=1-Ae™, (56)

In this case we set, in Eq52), D(x)=2x%%3. With this

. i which coincides with Eq(55) for e —0. The results of the
condition the derivative ofi becomes

numerical calculations that will be presented below show
that it is better to use fox(e) formula(55) in the temperature

T 2 T .
UX(X,S):—].'FgA(S)S(l‘l‘S) X3/2§+g8 equation
ap, 3T T—0
+N(e)(1+e). 076, = 2 132023
In the limiting case, ag—0, we require that(x)—0 as
x—o because the functiom(x,e) atx=1 has to have small VI. ION DISTRIBUTION FUNCTION
magnitudes in comparison to its values in the boundary . . . . o
layer. This rough consideration leads to the expression In this section the equations for the ion distribution func-

tion are considered in the thermal and the superthermal ve-
PR dy Iocit_y regions. In pg_rtic_ular., it is _shown that the ion function
u(x,e)=u(0,g)— — Sf - - deviation from equilibrium is 19times smaller than the cor-
\/; responding value for the electron distribution function for a
—y¥y — ¢ time comparable with the temperature equalization time pe-
|3 2 riod (t=74,~1).
o dy According to the previous results, the equation for
j —_—— F(x,t) (e<1) can be obtained from E@§21) by the substi-

X y32 tution of the limiting (p=0) solution for the electron distri-
te bution function and temperatures. Otherwise, we take in Eq.
W (21
Here the condition\ (0)=1 was used. . 5
Finally, in the boundary layer near=0, the function f(o):f dy f(y)= —,
u(x) can be presented in the form 0 Jr
3\m = dy a7 Jdo 4 (T g
U(x)=S(xI 6), 5=( s), d/(X)=f o 2= _ S _Z
4 « [1+y™ T G e le (T
(53
and the integraly(x) can be expressed in elementary func—and obtain
tions 10 [ L yerg L
m L (10?2 2x—1 kx| \p 3w
Y(x)=—+zIn — — arctan ,
Vi 3 1-Jx+x V3 V3 \ﬁ JF
312
N5 X o xF 57
w<0>— . .
33 whereT(t) andd(t) are known functions. As it follows from
Eq. (57), in the thermal velocity region<e~*3<1 a good
Thence the electron distribution is defined as approximation for(x,t) is the expression
f(x,t)= P 1+ il sl 2| +o 54 F(X,t)=Fy| X tﬁﬁ—dt, (58)
(x, )—\/—;e — | %Y s (e)|(. (59 , 1% ) TR |

The rigorous investigation of the asymptotic quality of theWhereF(x,t) is the solution of the Cauchy problem
constructed exact solution of Eq#&46) and (47) for ¢\ I

shows that formul&53) is valid within the accuracy up to the o A3 _

terms of O(g). We shall be limited by two terms of the JFLFL), Fa(x0)=Fo(x) (59
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[compare with the solutiofil5)]. Therefore, subjected to the differ from the classical relaxation picture. Further on in the
inequalitye <1, the electrons’ influence on the ion distribu- section the quantitative estimates of the process will be given
tion function actually leads to the changing of temperaturevhen a comparison of the above-obtained asymptotic formu-
T(t) only and to the corresponding time variable replacedas with the numerical results will be presented. Typical ini-
ment. The electrons’ influence on the form of the functiontial conditions for numerical simulations are the Maxwell
F(x,t) is detected only for=¢~3>1. In this region, using distributions or the monoenergetic distributioni(x)

the notation of Eq(58), the equation forF,(x,7) can be =Fy(X)~d(X—Xg). The last initial distributions model the
written as neutral beam injection conditions.

The initial stage of relaxation occurs during the time in-
oF 1 4 4 terval of ordett;=p%?. It is characterized by the changing of
or ﬁ X 1+ ﬁ 5+F - (60 g(t) from £(0)=1 to the magnitudes<1. The asymptotic

equations from Sec. V are inapplicable and this very short

For instance, if initially ions have a monoenergetic distribu-Stage can be described in another way.

tion Fo(x) = (3)¥25(x—3), then the electron action resultsin e suppose that(0) = is finite at the instant=0 and

a more rapid propagation d¢¥;(x,7) into the high-velocity ~We shall briefly describe a transit process that finally leads to
trons accelerate the formation of the ion tail. Eerpl/2the ~ €quation(10) and pass to the conditional limit, gs—0,
deviation of the functiorF(x,t) from the Maxwell distribu- under the two following conditions: the first is that the elec-
tion vanishes because the latter is an exact solution of E4IOn temperature tends to the initial ome-0 and 6/p is
(57). Based on the exact equatio(k0) and (11), it can be Tfinite and the second is that at the initial time pertod0,
shown that the deviation d¥(x,t) from the equilibrium dis-  tp~ >

3/2

e(71)X

is finite. In this casd — 2, asp—0, ande—2p/ 6 is
tribution is of O(e%? for t~1. Roughly speaking, this finite. Under this limit the ion distribution function remains

means that this deviation is 1@mes smaller than the cor- unchanged(x,t)—Fq(x). Sett’=tp~>2 Then we get for

responding value for the electron distribution function. E.he electron distribution functioh(x,t) =f'(x,t") the equa-
ion
VIl. RELAXATION PROCESS OF COLD ELECTRONS st 1 - /
J d |~ J xle
AND HO-T IONS. | 55:?5[ (1) rge j dy V32 o(y)
In Sec. Ill the weakly nonisotermic plasma relaxation was X 0
described in the standard approach framessf@)<10 2 X\ 372 oo
(6> p T,). In other sections the problem was examined in +| = f dy Fo(y)
a different way and some different results were obtained. In & xle
particular, the validity of the usual description was extended 2\ 312 de
up to £(0)<<1. In practice, different situations occur when —(—) el — x3’2f], fli=o=0. (61)
the last inequality at=0 is not valid. An example is the 3 dt

neutral beam injection into a magnetic trap when originally ) - _ ]

the electron and ion thermal velocities are equal G As earlier, th_e prime is dropped in the fln_al rgsult. Th_e_ equa-
=pT,, that is,e(0)=1 andTy~p 6,. In this section we tion for ¢(t) is obtained from the normalization condition
emphasize distinctive features of the relaxation in possibly

extreme temperature regimes. The first stage of the tempera- de 1 . (= X 2

ture equilibration can be separated in the initial stage, which at 3p° JO dx Fo(x) Jo dy y**f(ey),

occurs during the short time periog< 7,,, and the interme-

diate initial stage, which occurs during the time period com- _

pared with electron-electron collisional ting=r,. In the gli=o=¢o.

first stage, the behavior df(x,t) and ¢(t) depends essen-
tially on the initial conditions. In spite of this circumstance,
the temperature evolution can be described by form{il@s
and (46), but the behavior ok(g) for e~1 does not have a
universal character. It is conducted by the initial distribu-
tions. At the end of the initial stagg(t) diminishes its value
from gq to e(t;) =0.1-0.2. The intermediate stage has no

Let us recall that the preceding equation takes the place of
the temperature equation fé(t) because in the conditional
limit case under consideratiof=2p/e and ¢ is finite, as
p— 0. Using notation similar to that in E¢46), the preced-

ing equation can be rewritten as

analog in the usual picture of relaxation for the weakly d_s__i)\ 7/2

nonisotermic plasma. The formulas obtained in Secs. IV and dt 3T (£)e™

V are valid for the intermediate stage < r). The electron (62)
temperature rises rapidly and becomes 100 times greater than N «

the initial value. At the same time, the energy spectrum of Ae)= T f dx FO(X)f dy Y% (ey).

the ions is maintained very close to the initial distribution. 2 Jo 0

Next comes the ion relaxation stagg ). The ion dis-

tribution takes a quasiequilibrium shape at the instgnt From here it follows that the equation fé(t), wheret is the
when the ion and electron temperatures differ only by a faceriginal variable, for all values o& can be presented ap-
tor 3. The last stage of temperature equalization does ngiroximately in the form



3w

where \(e) for e<1 is obtained in Sec. V. Fog=1 the
value of \(¢) has to be defined from the solutions of Egs.
(61) and(62). The dependence af(e) ont for e~1 depends
essentially on the initial condition§y(x) and Fy(x). For
M(e) undere>1, we have the expression

312 %

= 2= Me)T-0),

e=p 3

)\(8)283/2g f:dx Fo(X),

which, for the Maxwell distributionFy(x), coincides with
the known[10] value

3/2

A(e)=(1+&)" %2 lim A(e)—e"

g—®

Simultaneously with the decreasing &ft) over the interval

t,~p>2 the electron distribution function assumes its qua-

siequilibrium shape. The deviation Bf(x,t) andT(t) from

the initial conditions are negligible. The numerical computa-

tions show that the dependence Xak) and f(x,t) on the
initial data is already masked at=0.1-0.2, i.e., when the
electron temperature rises 5-10 times.

RELAXATION OF TWO-TEMPERATURE PLASMA

2091

A‘ 1.0 1\

1.2

£

FIG. 2. Dependence of the functiaiie) on & obtained analyti-
cally: \¢ (dashed lingin [10] and \, (solid line) in the present
work. The numerical results fox,, are presented for the initiaf

functions (black circles, where 1-g,=1.0, 2—£,=0.5, and 3
—¢g7=0.25, and 4(open circle} for the initial Maxwell functions,

0.0

04 0.8

wheregy=1.0.

The intermediate stage of the temperature equalization oc-

curs over the intervgh®?<t<p’2. In this stage the electron
function f(x,t) keeps its form and depends on time only
throughe(t)<1,

f(x,t)=

N

The electron functiorf(x,t) is near the equilibrium distribu-

e [1-¢+0(e)], o=

T—05 X
T 5

IF, a

or :ﬁ&

In this equation we discard the term proportionaktpcom-
pare with Eq.(57)], which is important only in the far tail
regionx>¢~ 13 In this stage it is still possible to suppose
the ion temperature to be close to the initial omét)
~T(0)=2. Whence, recalling Eq$64) and (65), it follows

IF,F), Fix0=Fgx). (65

tion and changes very slowly in time. Temperature equilibrathat the end of this stage is defined by the interval

tion is practically subjected to the common law. The tem-

peraturesT (t) and #(t) satisfy the equations

T+6=2,

3/2 dg

dt

4
—= Na(e)(T—0),
ar

3w

(63

Ma(e) = 1o 507

where ,(&) is obtained in Sec. V. Usually the electron tem-

<2%2512 To evaluate the variation of(t) and e(t) over
this time period we take into account that in E§3) 6<T
=2 ande <1. Therefore, we obtain the approximate solution

for the time intervalg> p°?,
20

20 %% 3w 653
20 [1+_ J o2,
3T N

20 t
where the infinitesimal value afy=O(p) is taken into ac-
count. From the preceding equation it can be seen that
0(t,)<p® and &(t,)>2p*°. Quantitatively, for the real
mass ratiop<10"2 at the instantt,, when the function
F(x,t) begins to change, the inequaliti#t,)<0.25 and

2/5

(t)= ~2t%5,

perature 6(t) rises very rapidly and the ion temperature ;(;.)>0.01 are valid. Roughly speaking, this means that the
T(t) decreases very slowly, while the ion function does notg|ectron temperature rises 100 times in comparison to the
modify its shapd=(x,t) ~Fo(x) and can be very far fromthe jnjtial magnitude before the ion function starts to change
equmbnu.m state. In accordance with the results of Sec. VLnoticeany. This consideration and the asymptotic formulas
the functionF(x,t) ate<1 has the form are confirmed by the numerical calculations #6€0.2 (Fig.

2).

The ion Maxwellization stage has the duratityxp
>t,, which is small compared to the temperature equilibra-
tion time. The relaxation process is described by Eg4)
and (65). The striking feature of this stage is that the ion
function F(x,t) changes simultaneously with the tempera-

1/2

F(x,t)=F, (64)

X’ftdtlp—l/2T—3/2(t/):|'
0

whereT(t) satisfies Eq(63) andF(x, 7) is a solution of the
Cauchy problem for the Landau-Fokker-Planck equation
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ture equalizatior{63). The final moment of the stage can be actions. Then, as a results of the analysis of the exact equa-
assumed at the momeng~2%2/p, after which the function tion (10) for the electron distribution function, in the vicinity
F(x,t) maintains the Maxwell form. The estimations show of small velocitiesx~0, the presence of a composed bound-
that at the end of this stagg(tz) ~p/°. From the numerical ary layer Osx<e ande<x<e23 was established.
results it is obtained that for the real electron-ion mass ratio The correctedundere <1) distribution electron function
the temperatures of the plasma components differ only threean be written in the form
times at the instant;, T/0#=3. Moreover, the value of the
temperature ratio at the instantdepends on the mass ratio: 2
for p=10"2, 10°2, and 6.25¢ 10" * the corresponding val- f(x,t)= In e (1+ ¢y,
ues of T/6 are equal to 2.1, 2.85, and 3.1. m

The final stage of the temperature equilibration does not
differ from the similar stage that has already been described & ZG;T 5(t)¢(§
in Sec. lll, except for the corrections in the temperature a T €
equation. The values of these corrections are several percent
of the mass ratio and do not play a significant role in the 3w
solution of the initial-value problem. However, they can be 5(t)=[ 7 e(t)
sufficient in the consideration of stationary problems. The

existence of such corrections is in good agreement with the . . . .
numerical resultsFig. 2 9 9 where the functiony is defined in Eq.(54). In the thermal

velocity region, the maximum value of the deviation of the

function f(x,t) from the Maxwell distribution is located at
Viil. CONCLUSION zero velocityx=0:

+0(g)

2/3

3

The temperature relaxation process of a space uniform
plasma composed of electrons and one species of ions is
considered for various initial temperatures. A detailed de-
scription of this classical problem of the collisional plasma
kinetic theory is given.

2 6-T
fO)=— (1+ ¢y, ¢=2.9%2°—.
p T

=

: . . . _ It should be remarked that the relative deviation of the elec-
The classical relaxation picture is characterized by g, gistribution from equilibrium can be larger in the tail
weakly nonisotermic situatiorp <TolOp<<p 7% oOther-  oqinn (). However large it might be, the tail region
wise sq<<10" % To study the problem a _stand_ard_ apProaCh 'Scontains an exponentially small amount of particles and it
usually used, when the electron and ion distribution funcy a5 g practical interest for the temperature relaxation prob-
tions are supposed to be a Maxwellian with tlme—depende%m. The comparison of the functiog, with the function

electronTe(t) and ionT;(t) temperatures. Here we S.hO_V_V n Obtained from numerical calculations is presented below:
that, although the general concepts are correct, many limitin

problems remain.
A deeper examination of the problem shows that the usual € 0.030 0.008 0.005
perturbation theory cannot be used. We show that the part of ~ ®a/¢n 0.280/0.230 0.100/0.100 0.070/0.074
the perturbation of the electron distribution has the character
of a boundary layer in the neighborhood of small velocities. The deviation of the ion distribution functida(x,t) from
In this work the boundary layer is thoroughly studied. Theequilibrium is of O(e¥?) for times long compared to the
asymptotic behavior of the solution, gs=m,/m;<1, is temperature equilibration time-1. It is interesting that the
considered for the arbitrary initial electron and ion distribu-ion function deviation is 1Dtimes smaller than the corre-
tion functions. Previous results are revised and corrected argponding value for the electron distribution function.
alternative analytical formulas are obtained. The objective is The real condition for the applicability of the known for-
to focus on a deviation from the classical relaxation picturemula for temperature€l?)
The obtained results can be used as a test in both analytical
and numerical models of the collisional plasma. de
In our study we consider in details the case in which the 6% a N (T—6)
ratio of the initial ion-to-electron speeds is small, that is ™

. ) :
when for allt=0 the inequality(32) is the requiremen(32) £<<1. For the hydrogen plasma ini-

m, T(t) tially consisting of cold electrons and hot ions, the inequality
= < (19 is fulfilled when the initial temperatures’ ratio is on the
order of 2—3. The requirement<1 allows us to consider a
. . plasma with initial temperatures that may have wider differ-
is valid. ences(about 100 times This circumstance can be important

There also exist deviations from the limiting<1) so- o applications both in laboratory and in space plasmas.
lutions, which have of small corrections. These corrections Tne corrected formula for temperatures has the form

play a significant role for the light- and heavy-ion relaxation.
In spite of their smallness, the corrections are also interesting
for the case under consideration since they appear due to a g3/2 _6: A4 Ma(e)(T—6), Na(e)= _1273
highly specific mechanism of heavy- and light-particle inter- dt 3\/; 1+2.%

- m; 9(t)
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